“Mathematical Modeling Of Retinal Cells.”

The Appendices are derived from references

modeling.

APPENDIX A
MATHEMATICAL MODEL OF RoD CELLS [1]-[3]

Membrane potential (V' [mV])

IaLL = Iphoto + In + Iy + Ica + ICI(Ca) + IK(Ca) + 1,
+ Iex + Iex2

av

Cm%

= — Iarn(V(0) = —36.186)
Cy = 0.02 [nF]

Photocurrent (I,not0 [PA]) (Baylor & Nunn, 1986 [2];
Forti et al., 1989 [3])

% = Jny — a1 - Rh + as - Rh;, Rh(O) =0
d];ch =1 Rh— (042 + 013) - Rh;, Rhl(()) =0
% :f'Rh'(Ttot—T’I")—ﬁl'TT'—FTQ'PDE
—T1 Tr- (PDEtOt - PDE), TT'(O) =0
deLZE =71 -Tr-(PDFyw — PDE) — 75 - PDE
(PDE(0) =0)
d[Ca®t
[ o ) =b-J —vca - ([Ca®*t] = Cayg)
— k1 - (er — [Cab]) - [Ca®T] 4 ko - [Cab)
(Ca®*T](0) = 0.3)
d[if’b] =ky - (e — [Cab]) - [Ca®*] — ks - [Cab]
([Cab](0) = 34.88)
dcGM P _ Amax
dt 10+ ([Ca2t]/Kc)*

—c¢cGMP-(V +a«a-PDE)
(cGMP(0) = 2.0)

[1]-[14] and
constitute summarized equations and parameters used for

Ik = 2.0[nS],

_ Jmax - (cGMP)?
= (cGMP? 1 10%)

V-85
Tohoto = J{l.Oexp< 70 ﬂ

Hyperpolarization-activated current (I}, [pA])

N 8 18
h= v’y > = 7 vis .\
exp (V;ng) +1 exp (—% + 1)
(& (&
Cy Cy
% 01 = A x 01 .
O O
Os3 Os3
A =
_40511 511 0 0 0
4ayp *3(0&}1 + ﬁh) 20n 0 0
0 3oy, —(2ah + Qﬂh) 30n 0
0 0 20n —(om +36n) 4P
0 0 0 ay —4hn

(C1(0) = 0.646, C5(0) =0.298, Oy(0) = 0.0517,

02(0) = 0.00398, O3(0) = 0.000115),
I, = Iy - (01 + Oq + Og)(V - Eh),

7, =3.0[nS], E,=—32[mV]

Delayed rectifier current (Ix, [pA])

5(100 — V') (V- 20))

m = s Pm =9 -
Amy, exp (102;\/) 1 By eXP( 10

0.4125

14
Yhacy P ( 22) » Pncs exp (1Y) + 1

dmgy

dz{ = Omy, * (1 - va) - ﬁnLKv * MKy (va (O) = 0430)
dhxy

dif = e, - (1= hiy) = By, - hicy (hiy (0) = 0.999)

IKV = 09Kv m:IS(v ' hKV : (V - EK)

by = —74[mV]



Calcium current (I¢, [pA])

3(80 - V) 10
Omea = g v Bmea =
“exp(BFE) -1 T Texp ()
exp (*55°)

hoy = ——————>——

¢ 1+ exp (*957)
dmc;

ZtC& = Omg, * (1 - mCa) - BmCa *MCa

mca(0) = 0.436
Ica = Gcon - Mey - hoa - (V — Eca)

[Cals
[Calo

yCa = 07[HS]7 ECa, = _12.5 log(

)
[C(L}o = 1600 [LLM}
Calcium-activated chloride current (I/cjca) [PA])

1
1+ exp (70'37(;0[5@5)

mci(ca) =

Ici(ca) = Goacr) “ Mcaa * (V = Egacry)
Gcaccry = 2.0[nS], Ecaccry = —20[mV]

Calcium-activated potassium current (Ix(c.) [PA])

15(80 — V) 14
Amy (cay = Wa 6mK(Ca) = 20 exp (35>
de Ca
% = Qmg(cay (1 = mk(ca)) — Prxc(ca - K (Ca)

mK(Ca) (O) = 0.642

. ~ [Cals
K@~ [Caly + 0.3

Ix(ca) = Gk (ca) - m%{(ca) "MK (Ca), - (V — Ek)
Jk(ca) = 5.0[nS], Ex = —74[mV]

Leakage current (I1, [pA])

I =g -(V—-Ey)

g = 0.35[nS], Ey, = —77[mV]

Intracellular calcium system ([Ca)s [zM])

d[ca]s _ Ica + Iex + lex2 1076
a —  2F-W '
- Do 52 ((Cal, ~ [Caly)
— Lbl[CG}S(BL — [C(Lb]ls) =+ ng[Cab]ls
— Hbl[Ca]S(BH — [Cab]hs) + Hyo [Cab]hs
[Cals(0) = 0.0966
Ak — peu 2L ((cal. - [Calr)
— Lb1 [CQ]f(BL — [Oab]lf)
+ Ly2[Cabliy — Hy1 [Cals(Bu — [Cablne)
+ Hyp2[Cablns
[Ca);(0) = 0.0966
d[CC;bhs = Ly [Cals(By, — [Cablis) — Ly |[Cablis
[Cablis(0) = 80.929
d[cc(;;b}hs = Hbl[Ca]s(BH - [C’ab]hs) — Hb2 [Cab}hs
[C'ab]is(0) = 29.068
d[(/:;;b]lf = Lbl [Ca}f(BL — [Cabhf) — LbQ[Cab]lf
[Cablie(t = 0) = 80.929
d[CCZb}hf = Hy1[Cale(Br — [Cablut) — Hya[Cablye
[Cablut (0) = 29.068
. (V +14) [Cals — [Cale
fex = Jox eXD ( 70 ) [Cals — [Cale + 2.3
Iex2 = Jex2 [Ca]s - [Ca]e

[Cals — [Cale + 0.5



APPENDIX B
PARAMETER DESCRIPTIONS FOR ROD CELLS MODELLING

(11, [3]. [4]

a1 = Rate constant of Rh* inactivation (50 s71!)

oy = Rate constant of the reaction Rh; — Rh*
(0.0003 s71)

a3 = Rate constant of the decay of inactive rhodopsin
(0.03s71)

£ = Rate constant of T* activation ~ (0.5s ' uM ™)

Trot = Total transducin (1000 M)

(1 = Rate constant of T* inactivation  (2.5571)

71 = Rate constant of PDE activation  (0.2s~'uM™!)

75 = Rate constant of PDE inactivation  (5s71)

PDEr,; = Phosphodiesterase (100 uM)

Yca = Rate constant of Ca?t extrusion in the absence
of Ca** buffers mediated by the Na™ — Ca®t exchanger
(50s71)

Cay = Intracellular Ca?t concentration at the steady
state (0.1 uM)
b = Proportionality constant between Ca?t influx

and photocurrent  (0.25 uM s~ pA™1)

ki,ks = ‘on’ and ‘off’ rate constants for the binding of
Ca* to the buffer (0.2s'uM~! and 0.8 s~ 1), respectively
er = Low-affinity Ca®T buffer concentration (500 uM)
V = Cyclic GMP hydrolysis in dark  (0.4s7!)

K. = Maximal activity of guanylate cyclase (100 uM)

Amax =
(65.6 uM s~1)

Maximal activity of guanylate cyclase

o = Proportionality constant (1.0 s~ uM™!)

Jmax = Maximal cyclic GMP gated current inexcised
patches (5040 pA)

F = Faraday constant,  (9.648 x 10*cmol ')

Vi = Volume of the submembrane area  (3.812x 1013 dm®)

Vs = Volumfe of
(5.236 x 10713 dm®)

the deep intracellular area

0 = Distance between submembrane area and the deep
intracellular area (5.9 x 107° dm)

S =
intracellular area spherical boundary

Surface area of the submembrane and the deep
(3.142 x 10~ dm?)

Ly, Lz
of Ca to low-affinity buffer

= On and off rate constants for the binding
(045 ' uM™t 0.25 ' uM ™)

Hyp1, Hpo
of Ca to high-affinity buffer

= On and off rate constants for the binding
(1005~ ' uM 1, 90 s~ uM 1)

By, = Total low-affinity buffer concentration (500 M)

By = Total high-affinity buffer concentration (200 uM)

Jox = Maximum Na-Ca exchanger current (20 pA)

Jexz = Maximum Ca-ATPase exchanger current (20 pA)

D¢, = Ca diffusion coefficient (6 x 10~% dm*s~1)

[Cale = Minimum intracellular Ca?* concentration

(0.01 uM)

APPENDIX C
MATHEMATICAL MODEL OF CONE CELLS [5]

Equation
Full model with rate-limiting of the catalysed step
TL% —E-V(+G+G)
Gi
G, = T2k
Tf% =F(V) -Gy
F(v) &

T 1+ eap[(V = Vi/Vi]
d n— n—
(% + )"y, =a"2I(t)

dz
7dt1 = QYp—1 — /{i12Z1 + k2122
dz
dzZ
7; = k23Z2 — (k32) + k34)Z3

Koy — Koo

Ago1 =Ko=K+ VZ, —
Koy — K12+ V2,




Initial conditions for the integration were that for t < 0 all
concentrations, y1 to y,—1 and Zy, Z3 were zero, and V(0) =
Vb where Vp (the potential in darkness) satisfies

N Gy _
1+ exp[(Vp — Vi /V] + Gy

Vb1 E

APPENDIX D
PARAMETER DESCRIPTIONS FOR CONE CELLS MODELING

(5]

Circuit parameters

E = Approximate Value to give peak potential of -67 mV
with dark resting potential of -42 mV (-72 [mV])

71, = Analysis in Baylor et al. 1974 [6]

Gy =
0.2)

To give ‘sag’” of 5 mV from peak to plateau

G; = To give -42 mV resting potential in darkness (0.7)
T¢ = From inspection of ‘sag’ time constant (67 [msec])

Vy = Half way between resting potential of -42 mV
and E = -72 mV (-57 [mV])

VE = Guess based on voltage dependence of other conductance
change and synaptic mechanisms (4 [mV])

Parameters controlling time course of conductance change
n = Characteristics of linear response (6)

a = Characteristics of linear response (83 - 3 sec™!)

K15 = Characteristics of linear response (10 sec™t)

K95 = Upper limit to kjowas chosen from trial solutions
(250 sec™ 1)

K3 = Characteristics of falling phase (17 sec™!)
K34 = Characteristics of falling phase (1.3 sec™1!)
K3, = Characteristics of falling phase (0.03 sec™!)

A % = From steady - state relation between potential and
light intensity (6.76)

V = From steady - state relation between potential and
light intensity (2.125 sec™2 or 0.05133 sec™2 molecule™!
cone)

K = From steady - state relation between potential and
light intensity (10 sec or 414 molecule™!cone™!)

APPENDIX E
MATHEMATICAL MODEL OF BIPOLAR CELLS [7]

Delayed rectifying potassium current (/x, [pA])

o 400
mKy ~—
exp (— (V;615)) +1
\%4
Bva = €exp (_13>
dmiy
Tf = Oy, (1 - mKV) - ﬁm}(\, MKy

Vv
Qhy, = 0.003 exp (—7>

80
Bhye = - +0.02
- exp <7(VJI7;1‘))) +1
dhky
dIt( = ah}(v : (1 - hKV) - /Bh[(v : hKv

gKv = TKv - My - hicy
IKV = gKv (V - EK)
gkv = 2.0[nS], FEx = 58[mV]

Transient outward current (/5 [pA])

1200
exp (—%) +1

O‘mA -

\%4
BmA =6 €xXp <_10>

dmA

W:amA'(l_mA)_ﬁmA'mA

|4
ap, = 0.045 exp (—13)

75
exp (7@) +1

Bra =



dha

dt :ahA'(]‘ih’A)iﬁhA.hA

ga =Ja -m} - ha

IA:gA-(V—EK), ﬁ:35[n5]

Hyperpolarization activated current (I}, [pA])

o 3 3 1.5
h — ) h —
Y o) Py Sy Y
: d
M=[CiC2010:0), =M =KM
40éh —,Bh 0 0 0
4oy, 3oy + Bn —206n 0 0
K = 0 —3an 2ap + 28, —30n 0
0 0 —2an o + 30y —45n
0 0 0 —on 4B,

mp=01+02+03, gn=0n mn, In=gn-(V—Ey)

gn =0.975[nS], E, = —17.7[mV]

Calcium current (Ic, [pA])

W 12000(120 — V)
"o o (L) 1

3 _ 40000
"o T exp (—V;@?s) +1
dm
dca = amCa : (1 - mca) - /BmCa " MCa
t
exp (_ (V;150)>
hCa =

exp (—@) +1

C 2+
Eca = 12.9 log <[[sz+]]°>

—_— 4
gCa = gCa " Mgy * hca

ICa = JcCa - (V - ECa)

JCa = 1.1 [nS]

[Ca*t], = 2500 [uM]

Ca-dependent K current (I (c,) [PA])

100 - (230 — V)
Omi(cay = exp (BSY) — 1

Vv
B (cay = 120 exp (—95)

de Ca
# = Qg * (L= 1M(Ca)) = Brmsccny * K (Ca)
e
Kl = [Ca?t], + 0.2

IK(Ca) = TK(Ca) * i (Ca) * MKel
Ix(ca) = 9K (ca) - (V — Ek)
JK(Ca) = 8.5 [nS]

Leakage current (I1, [pA])

Iy =g (V- EL)
g1, = 0.23 [nS]
By = —21[mV]

Membrane potential (V' [mV])

1%
CE = —(Igy +1a + Iy +Ica+IK(Ca) + 1)
C = 0.02 [pF]
APPENDIX F

MATHEMATICAL MODEL OF CALCIUM MECHANISM ON
BIPOLAR CELLS [7]

Calcium concentration



d[ca’2+]s Ic, Dc, - Ssd 2+ 204
i T TR Vody (G0l [CaT)
IeX + IeX
= 2F - VS2) + Bt - [Ca® s

—Qp] - [Ca2+]s : ([Ca2+]blmax - [Ca2+}bls)
+Bbh - [Ca®F|pns

—apn - [Ca®Ts - ([Ca®phmax — [Ca* T ]bns)

d[Cazﬂd _ D¢, - Sqa ([Ca%]s B [Ca2+]d)

dt Vq - dsa

+Bp1 - [Ca* T |pua
—ap1 - [Ca*Tq - ([Ca® Tbimax — [Ca*TTpia)
+Bon - [Ca* bha

—apn - [Ca®Tq - ([Ca® phmax — [Ca* T ]bha)

Calcium buffer concentration

% = ap - [Ca®Ts - ([Ca®Fpmax — [Ca*Tuis)
+Bb1 - [Ca® bis

% = ap - [Ca®t]s - ([Ca® Jonmax — [Ca®Fons)
+Bbh - [Ca®Tons

d[Cad# = ap - [Ca*Ta - ([Ca® Tpimax — [Ca® i)
+Bp1 - [Ca* i

% = app - [Ca®t]q ([Ca2+]blmax - [Cazﬂbhd)

+Bon - [Ca® T bha

Calcium pump and exchanger

;o Je ([Ca2t]s — [Ca?t]min) e (V414
T [Ca?tg — [Ca? T min + 2.3 70
F— Jexa - ([CU“2+]S - [Ca2+}min)

[Ca?t]s — [Ca?t]min + 0.5

APPENDIX G
PARAMETER DESCRIPTIONS OF CALCIUM MECHANISM
ON BIPOLAR CELLS [7]

[Ca®*]s = Intracellular calcium concentration just below the
cellular membrane, [:M]

[Ca?*]q = Intracellular calcium concentration just below the
central space, [uM]

[Ca*t)ps = internal buffers,

[1uM]

Binding to low affinity

[Ca**]pa = Unbinding to low affinity internal buffers,
[1M]

[Ca2+]bhs =
[uM]

Binding to high affinity internal buffers,

[Ca?*]pna = Unbinding to high affinity internal buffers,
[uM]

F' = Faraday constant, 9.649 x 105 cmol ~*

D¢, = Ca diffusion coefficient, 6 x 105 dm?sec ™!

V. = Volume of the submembrane area, 1.692 x 10~13 dm™

Vq = Volume of the deep intracellular area,
7.356 x 10713 dm™?
Ssa = Surface area of the submembrane and the deep

intracelluar area spherical boundary, 4 x 103 dm ™2

dsq = Distance between submembrane area and the deep
intracellular area, 5.9 x 10° dm

[Ca®*|pimax = Total low-affinity buffer concentration, 400 M

[Ca**|phmax = Total high-affinity buffer concentration,
200 uM

apl, P = On and off rate constants for the binding of
Ca to low-affinity buffer,0.4sec™ uM ™", 0.2 sec™* uM "

Qbh, Bon = On and off rate constants for the binding
of Ca to high-affinity buffer, 100 sec™' uM ™!, 90sec ™! uM~*



Jex = Maximum Na-Ca exchanger current, 9 pA
Jexe = Maximum Ca-ATPase exchanger current, 9.5 pA

[Ca?*|min = Minimum intracellular Ca concentration
for Ca extrusion, 0.05 uM

APPENDIX H
MATHEMATICAL MODEL OF AMACRINE CELLS [8]

Amacrine Cell current

Cn =1 ;LF/cm2
Jx> Ing» 91, = Maximum Conductance, 0.4, 4, 0.4 [nS]
Vi, Vna, VI = Reversal Potential, -80, 40, -54 [mV]

AV | _
I = me +gKTL4(Vm - VK)

+§Nam4h(vm - VNa) +§L(Vm - VL)

dn Qg 6n

= V)1 =) = 2 (Van

d

dL;L = am (Vi) (1 = m) = B (Vin)m

dh  ap Bn

& = 55 (V)1 = R) = ZE(V)h

_ 00UV 10) OV £25)

an(Vin) = cap(Latll) — 1’am( m) = exp(Yu%) — 1

Vin Vin
ah(vm) = 0076xp(70)7 6n(vm) = 01256%})(%)

1

V,
B (Vi) = dexp(—%), — s
e$p(vm17330 +1)

) BulV) =

APPENDIX I
MATHEMATICAL MODEL OF GANGLION CELLS [9]-[11]

Ionic currents

In a single-compartment model, the five (plus leakage) ion cur-
rents, and the capacitative current may be summed according
to Kirchoff’s law:

dVv
Istim = Cmﬂ + gNamBh(V — VNa) + gcam?éa(v — VCa)

+(Gxn* +gamiha + Gx(ca) (V= Vi) + 7n.(V — W)

Of the reversal (equilibrium) potentials, only Vi, was mod-
eled as variable according to the Nernst equation, where

T 2+
Voo = " log ([C’a]e> ’

T 2F [Ca?t];
and
d[Ca**];  —3lca 3 ([Ca®t]; — [Ca*Tres)
dt ~ 2Fr TCa

(cf. Fohlmeister et al. 1990 [10]). The gik ca is ligand gated
according to the equation

= ([Ca2+]i/(ca2+)diss)2

JK,Ca = gK(Ca) 1+ ([Ca2+]i/(ca2+)diss)2

State variables (m, h, ¢, n, a, and h4) of the voltage-gated
channels follow the first order kinetic equations of Hodgkin-
Huxeley 1952 [11]

de /dt = — (az + Bz)  + @y

where z is generic for the individual state variables.

Nat channel

—0.6(E + 30)

et S _ —(E+55)/18
e—0.1(E+30) _ 1’ Bm = 20e

Ay =

6

_ —(E+50)/20. R
ap = 0.4e i Bh= e—0.1(E+20) | |

Ca?t channel

—0.3(E +13) —(E+38)/18
Oémca = my BmCa = 10e
K+ channel
—0.02(E + 40) —(E+50)/80
On = oamra) P = 0de
A channel
. — —0.006(E + 90) By = 0.1~ (E+30)/10

e—0.1(E+90) _ 1"’

0.6
— —(E+70)/20, -

Qp, = 0.04e ) BhA - 670_1(E+40) +1
These constants operate in the first-order kinetic equation;
dz/dt = —(ay + B:)T + a,. Membrane potential is in mV;
temperature was modeled at —22°C

Txna = 50m.S/cm? Cyn = 1uF/cm?

Toa = 2.2mS/cm? VNa = 35mV

Tk = 12mS/cm? Vk = =75mV

Ga = 36mS/em®>  Vieakage = —60t0 — 65mV
Tx(ca) = 0.05m.S/em? R, = 1GQ



APPENDIX J
MATHEMATICAL MODEL FOR CHEMICAL SYNAPSE [12]

Synaptic current

Isyn(t) = GmazS(t)(V(t) — ESyn)

where S(t) is the solution to the following differential
equation

dS(t) Sec —S(2) (Vore — Vin)«
= d So =tanh | ———F——
dt (1 - SOO)T an an ‘/slope
where (X), represents the following ramp-like function
. -Xif X<0
1fX§Othen{0 F XS0
(X). =
. XifX >0
if X > 0then {O FX <0

S(t) = synaptic transfer function
Jmax = maximum conductance,
Egyy = reversal potential, 0 [mV]
7 = time constant, 10 [ms]

Vslope = voltage sensitivity of the synapse, 10 [pA]
Vore = presynaptic membrane potential, [mV]

Vin = voltage threshold to activate the synapse, [mV]

2.56 [nS]

APPENDIX K
MATHEMATICAL MODEL OF ELECTRICAL SYNAPSES [13],
[14]

Experiments show that, to a good approximation, the mag-
nitude of the current that flows through a gap junction is
proportional to the magnitude of the difference of the voltages
of the two cells, i.e., the gap junction acts like an ohmic
resistor:

|Igap‘ = g.|AV|

The sign of the current depends on which cell is being
considered. For example, if Vo > Vi then a current of
magnitude g.(Vo — V1) will flow from cell 2 to cell 1. For
cell 1 this is an inward (negative) current while for cell 1 it is
an outward (positive) current. If Vo < V; the the currents will
have the opposite signs. In either case, the appropriate way to
put this in the the differential equations for the voltages of the
two cells is as follows.

dvy
S
dVa
“a

= *Iion,l + Iapp,l + g('(‘/2 - Vl)

= _Iion,Z + Iapp,2 + gc<V1 - VZ)

[1]

[2]

[3]

[4]

[5]

[6]
[7]

[8]

[9]

[10]

(11]

[12]

[13]

[14]
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